The present paper is a study on dispersion of reactive solute in an oscillatory flow of a two-fluid, three-layer Casson-Newtonian continuum using Aris-Barton's approach. A two-fluid model of blood flow has been considered, the fluid in the central region is taken to be a Casson fluid (a core of red blood cell suspension) and a peripheral layer of plasma modelled as Newtonian fluid. The governing equations for the velocity distribution have been solved using a perturbation technique, and the effective dispersion coefficient has been evaluated numerically (FDM) by solving the moment equations. Using the Hermite polynomial representation of central moments the axial distribution of mean concentration is determined. The main objective is to look into the impact of yield stress, peripheral layer thickness, irreversible and reversible reaction rate on the dispersion process. The study has significant applications on the transport of species in a blood flow system.
INTRODUCTION
Hydrodynamic dispersion studies concern the rate of broadening of reactive/nonreactive solute in shear flow, and it depends upon the cross-sectional geometry, discharge velocity, and diffusion coefficient. The other influences on dispersion are flow unsteadiness, chemical reactions, boundary irregularities and such other effects observed in the physiological or extra-corporeal context. In view of its extensive applications in biomedical engineering, physiological fluid dynamics, environmental science and allied fields, the problem of hydrodynamic dispersion of solute in solvent flowing through various conduits has been broadly studied during the last several decades. Taylor (1953) has initiated the study, investigated the dispersion of a passive solute in a viscous fluid flow through a narrow pipe under steady laminar condition due to the simultaneous action of molecular diffusion and variation of the velocity over the cross-section. Aris (1956) considered longitudinal diffusion to broaden Taylor's hypothesis and built up a technique, 'method of moments' to examine the behaviour of the secondorder central moment. But, these two approaches are valid for large time only. Further, Barton (1983) resolved the technical difficulties of Aris's method of moments which is true for all time and is known as Aris-Barton's method of moments.
The transport models exist in the literature, discussing dispersion phenomena in diverse situations. Because of the existence of conductive walls in lungs and blood vessels, it is imperative to discuss the dispersion process take into account the wall property while understanding the indicator dilution technique and other mechanisms in the bronchial region. Considering the absorbing boundary wall reaction, Balasubramanian, Jayaraman, and Iyengar (1997) investigated the dispersion in a curved tube using Taylor's analysis. In an unsteady channel flow, the connection between absorption and the longitudinal dispersion was uncovered by Mondal and Mazumder (2005) , utilizing Aris-Barton technique. Using generalized dispersion technique, Sankarasubramanian and Gill (1973) explored dispersion in laminar flows in the presence of first-order reaction at the tube boundary. In few cases flow through the annular tube (Sarkar and Jayaraman (2004) , Mazumder and Mondal (2005) ) were likewise considered, and also discussed the applicability to a catheterized artery. Transport due to convection and diffusion in a thin (or long) curved (for Newtonian fluid) and circular pipe (for Micropolar fluid) were considered by Marušic-Paloka and Pažanin (2011), and Pažanin (2013) under catalytic wall reaction. Considering a curved channel, Rosencrans (1997) has investigated the effect of curvature on the Taylor dispersion processes. It is found that the effective diffusion is reduced by curvature characteristics. By extending the homogenization technique, Wu and Chen (2014) studied the transverse variation of concentration for the scalar transport along a straight pipe. In a recent work, Roy, Saha, and Debnath (2017) , discusses the dispersion of reactive solute released in an unsteady flow between two coaxial cylinders under the presence of first-order reaction in bulk flow.
Of late, dispersion in non-Newtonian fluids has been getting more attention due to its assorted applications in biochemical processing, cardiovascular system, polymer processing, etc. Specifically, in blood flows, species are transmitted as an outcome of diffusive and convective mechanisms. Following the dispersion model of Taylor-Aris, Sharp (1993) investigated the dispersion phenomena in Bingham, Casson, and Power Law fluids flow through conduits, viz., parallel plates and circular tube respectively.
Using generalized dispersion technique, the dispersion of a solute in a Casson fluid flowing through pipe and channel was examined by Dash, Jayaraman, and Mehta (2000) who has discussed its utilization in blood flow and established a significant influence of yield stress on the rate of dispersion. Siddheshwar and Manjunath (2000) , and Siddheshwar and Markande (1999) were investigated dispersion in plane and HagenPoiseuille flows of a Micropolar fluid. Subsequently, Nagarani, Sarojamma, and Jayaraman (2004) considered the effect of boundary absorption on dispersion in such flows of a Casson fluid.
In the above investigations, some of the authors clarified the effectiveness of longitudinal dispersion on blood streams, treating blood as a Newtonian or non-Newtonian fluid depending on the value of shear rate. For the lesser shear rate, experimental results (Charm and Kurland (1965) , Blair (1959)) show that Casson fluid model can be suitable to describe the behaviour of blood flow through smaller arteries, with hematocrits, anticoagulants, temperature and other factors included. Further, while blood flows through micro blood vessels, Bugliarello and Sevilla (1970) , and Cokelet (1972) has experimentally reported the presence of the peripheral layer of plasma (Newtonian fluid) and a core region of suspension of all the erythrocytes as a non-Newtonian fluid. Thus, in realizing the actual nature of blood streams in micro vessels, it will be more realistic to consider two fluid nature of blood stream rather than a single fluid, where the non-Newtonian property of the core region is represented by Casson model, and the Newtonian fluid represents the plasma layer.
Irreversible and reversible reactions are found to be natural in the human body (especially in blood flow), e.g. (i) the procoagulant subsystem of blood clotting consists of a series of irreversible chemical reactions; (ii) as blood passes through the alveoli of the lungs, hemoglobin molecules pick up oxygen which is then released as the blood travels to other parts of the body. This loading and unloading of oxygen by the blood are similar to a reversible reaction. The effect of reversible phase exchange between the flowing gas in the lumen and the stationary bronchial wall tissue has been studied by Davidson and Schroter (1983) . Using homogenization method, Ng (2006) studied the influence of reversible and irreversible reactions on the transport process when fluid flows through a pipe and the same has also been studied by Paul and Mazumder (2009) considering the annularity of the pipe. Further, an analysis of dispersion under Poiseuille and Couette flow has been done by Debnath, Paul, and Roy (2018) where both the reversible and irreversible reactions exist at the inner wall of the annulus. In view of literature, the studies on the combined effect of reversible and irreversible reactions on dispersion have been mostly assumed in Newtonian fluids, though there is hardly any work which has considered the same for singlefluid Casson model or two-fluid, three-layer models. In the recent work of authors (Debnath, Saha, Mazumder, and Roy (2017b) , Debnath, Saha, and Roy (2017) , Debnath, Saha, Mazumder, and Roy (2017a) ), the effect of interphase mass transfer on the transport coefficients discussed for a two-fluid, three-layer model of Casson-Newtonian continuum under steady and pulsatile nature of the stream. This work incorporates the flow oscillation, two-fluid blood model (solvent in the core and peripheral regions are assumed to be Casson and Newtonian fluid), two kinds of reactions are present at the boundary: reversible (phase exchange) and irreversible (wall absorption) reactions. Thus, the present study is an attempt to bring in as many physiological effects as possible in the blood flow analysis through a rigid artery.
THE PROBLEM UNDER CONSI-

DERATION
We consider a unidirectional axisymmetric flow of a three-layer fluid through a cylindrical pipe (or rigid arteries) of radius R . Figure 1 depicts the flow geometry for the present model. A cylindrical coordinate system is considered where z and r represents the axial and radial coordinates respectively (the bar signifies that they are dimensional). The problem is fixed under the following considerations:
(i) Blood is represented as a three-layer fluid with the core of a red blood cell suspension enveloped by a peripheral layer of plasma. For characterizing the blood in the core and peripheral region are described by Casson and Newtonian model respectively.
(ii) The imposed outward periodic pressure gradient has been taken for characterizing the unsteadiness in species transport and is given by:
(1) Fig. 1 
with the boundary conditions 
where y  and p R are the yield stress and plug core radius. The quantity c  and n  are the viscosity for Casson and Newtonian fluids. In Eq. (4), the velocity gradient will be zero if cy   , implying the existence of plug flow region.
We suppose that blood is flowing through an artery and some finite amount of chemical species is injected into the flow. We assume that the species is completely miscible with the flowing fluid and will undergo two kinds of reaction at the boundary: reversible phase exchange with the wall material and irreversible absorption at the wall. Due to the reaction considered above, it is realized that some of species segment adheres to the tube wall and rest of the species move with the streaming fluid. Hence to recognize the type of chemical substance, two phases are considered in the modelling of species: mobile phase and immobile phase. Species that flows with fluid is known as mobile phase, and that which is fixed at the wall is known as immobile phase.
Let the concentration of the mobile phase be c S , and the concentration of the immobile or stationary phase be cs S . In equilibrium, they can be represented by a ratio, viz., partition coefficient as:
In general, when equilibrium is not achieved, the following first-order kinetics describes the exchange of the two phases:
where K is a constant represents the rate of the reversible reaction.
The convection-diffusion equation for the present problem is:
,
here D is the constant molecular diffusivity.
The initial and boundary conditions for solving the transport Eq. (7) are 0 0 3
for a finite extent of axial distribution R dp R dp r w w r dz dz R
here 0 w denotes the time-averaged velocity in the axial direction. Pe is the Pèclet number, defined as the ratio of advection rate to the diffusion rate of species transport. Sc is the Schmidt number, describes the relation among viscous diffusion to the molecular diffusion.
Substituting the above dimensionless quantities in Eqs. (7) - (11) 
0 as ,
The significance of the parameters Da ,  and  representing the heterogeneous reactions at the boundary of the tube is noted in Table 1 . 
VELOCITY DISTRIBUTION
Using the above dimensionless quantities to the Eqs.
(1) - (5) 
is finite, and 0 at 0, , and at , . inverse of Schmidt number). While blood flows through small artery (Caro, Pedley, Schroter, and Seed (1978) ), the Schmidt number () Sc is supposed to be very high 3
( (10 )) O hence,  is so small. The flow velocity in small blood vessels and coronary artery can be portrayed by considering the Womersley number to be small. Now, we suppose a regular perturbation solution of the form: 
Utilizing Eq. (23) in Eqs. (19) - (22) 
Solving the BVP of Eqs. (24) 
where 12 ,, 
MOMENT EQUATIONS
The th k moment of concentration distribution for the mobile phase can be defined, following Aris (1956) , as () ( , ) ( , , ) kk cc
S t r z S t r z dz
and likewise for the immobile phase we may assume: 
In the immobile phase the equation for the moments of the mass distribution is (46) and (47) 
The th k order central moment about mean of the concentration distribution can be defined as 
NUMERICAL SOLUTION OF MOMENT EQUATIONS
In this section, using the finite difference CrankNicolson implicit scheme, a numerical solution of the moment Eq. (46) 
( 1, 1) ( 1, )
where ,, j j j P Q R and j T are the matrix elements.
The discretized form of initial and boundary conditions are:
( 1,0) ( 1, 2), (axis of pipe), and
Where () () k cs Si can be computed from relation:
with the initial condition () (1) 0
Due to the nature of tridiagonal coefficient matrix in Eq. (55), Thomas algorithm (Anderson, Tannehill, and Pletcher (1984) ) has been followed by means of a MATLAB code, with the assistance of Eqs. (56) - (58). Details of the computation are mentioned in below:
Step-1: Time-dependent axial velocity, ( , ) w r t is calculated first at all grid points using Eq. (43).
Step-2: As ( , ) w r t is known in its grid points, then,
is computed from Eq. (46).
Step-3: From Eq. (48) Step-4: Finally with the use of required values obtained from
Step-1 to 3 at the corresponding grid work, the method of moments has been followed to estimate the dispersion coefficient numerically. The proposed numerical technique is validated by Case-I to III, as:
0.02, 0.04, 0.06, 0.08, 0.1, 0.2; correspond to the study of dispersion in the presence of interphase mass transfer when the driving force has only a constant pressure gradient. Figure 2 is the plot of dispersion coefficient vs irreversible absorption parameter (  ), which completely concurs with the result obtained by Sankarasubramanian and Gill (1973) It is important to specify here that Sankarasubramanian and Gill (1973) and Nagarani, Sarojamma, and Jayaraman (2004) used normalization scales different than that used in our work and so, in some cases, the scalar value of dispersion coefficients differ but the tenet, however, is similar to ours. inferred that during the initial duration of time, c D diminishes as the phase exchange rate increases; since the increase in the value of Da is indicative of the increase in the reaction beyond the value of the rate of diffusion but the rate of decrease is not that significant. For instance at a fixed time 0.033, the computations of , c D shown in Fig.4(a) , are 0.001582, 0.001551 and 0.001494 respectively. From Fig. 4(b) , one remarkable thing is seen, after a long time, c D increases significantly with increase in the value of Da which is in keeping with the result of (Mazumder and Paul 2012) . It is seen from Fig. 5(a) , for small time, the values of c D decrease as absorption increases whereas a variable effect of c D is seen for the long time interval (Fig. 5(b) ). The decrease of the c D with an increase in the value of  is fully understandable in this case, as large Γ helps to enhance the irreversible chemical reaction rate. But due to the presence of high retention rate ( 1 Da  ) as compare to low irreversible reaction rate ( 0.3  ) at the boundary, a certain fall of c D has been observed for larger time domain. Here, it is essential to note that the fall and growth of the dispersion coefficient with respect to the reaction parameters is not final. Based on the reaction strength, span of time, pipe radius, etc., the circumstances may change. Later, from Fig. 9 , it has partially realized, though at the present moment we can predict that at long times the effect of the reversible reaction is more noticeable than that of the irreversible reaction. At low shear rate, the impact of yield stress is essentially significant while blood flows through small vessels or micro vessels. This aspect of a physiological context of the reliance of the dispersion coefficient on finite yield stress as well as peripheral layer thickness has been indicated in Figs. 6 and 7. Figs. 6 (a, b) show that with an increase in the value of yield stress a significant decrease in c D follows at all times. This finding was also reported by Nagarani and Sebastian (2013) , and Rana and Murthy (2016) they reasoned this to be due to the large velocity gradient at the boundary of pipe compared to that in the central region. We also obtained that the increase of peripheral layer thickness ()  is to increase the magnitude of c D (Figs. 7(a, b) ). This happens because large values of When the flow is steady (i.e., 0 e  ), dispersion coefficient as a function of  , for a static time ( 0.5 t  ), is shown in Fig. 9(a) Fig.   9 (b) points out a large increment to the value of c D corresponding to small values of the retention parameter (  ), but after a particular value of the parameter, it is monotonically decreasing. A Similar result was found and reasoned by Ng and Rudraiah (2008) which is true for this case also. The mean concentration distribution across the axial distance has been depicted in Figs. 10(a, c) and Figs. 10(b, d) at different instants of time, 0.15 t  and 0.5 respectively. It is found that peak of the mean concentration distribution translates significantly along the flow as reaction rates increase and also more importantly as time increases peaks get flat for large values of both the reaction parameter. Consequently, when the reaction rate is large enough, the long-time limit of the dispersion coefficient might not have a feasible implication.
CONCLUSION
The general conclusions that can be constructed from the present study are as follows: (j) The study in its present form has a significant impact on physiological blood flow analysis in comparison to various other work.
